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Preliminaries Bicomplex Numbers

Bicomplex Numbers

De nition 1 (M (2) or BC-space)

Let zy = X1 + Xoi1, Zo = X3 + X4i; be two complex numberM (1) ' C
with iZ = 1. A bicomplex number is de ned as:

=7t Zziz (1)

whereis = 1.

Various representations:
@ In terms of four real numbers: = x3 + Xoi1 + Xziz + X4j1
@ In terms of two idempotent elements:

=(z1 22ih) 1+ (21 + 22i1) 7

where ;= &l and—, = L.
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Preliminaries Bicomplex Numbers

Operations on Bicomplex Numbers

Let 1= z1+ zip and 2 = z3+ zio.
1) Equality: 1= 2 ( Z1= zz and z, = z4.
2) Addition: 1+ 2:=(z1+ z3) + (22 + zy)is.
3) Multiplication: 1 2:=(z123 224) + ( 2223 + 2124)i>.
. P 9P
4) Euclidean Normj 1j = = jz1j2 + jzoj2 = oy X2
Remark:

o (M(2); +; ) forms a commutative ring with unity and zero divisors.
e (M(2); +; ;j j)forms aBanach space
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Preliminaries
Tricomplex Numbers

Tricomplex Numbers

De nition 2 (M(3) or TC-space)

Let 1= z3 + 2y, 2= z3+ Z4ip be two bicomplex numbers. A
tricomplex number is de ned as:

= 1+ 23 7))

whereig = 1.

Various representations:
@ In terms of four complex numbers: = z; + z5i, + Z3i3 + 24j3
@ In terms of eight real numbers:

= Xpt Xolp + Xglo + Xalz + Xslg + XgJ1 + X7J2 + Xg|3



Preliminaries
Tricomplex Numbers

Tricomplex Numbers

Various representationgcontinuing):
@ In terms of two idempotent elements:

=( 1 22) 3+( 1+ 202)73

where 1; 2 M(2), 3= 32 and—3= k.
@ In terms of four idempotent elements:

- 13 1 3+ 1_3 1_3+ _1 3 _1 3+ _1_3 1 3

where | ., - — 5 ——,2M()' Caredened as the
projections in the plane.
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Preliminaries Bicomplex Numbers

Tricomplex Numbers

Subsets oM (3)

De nition 3

Letix 2 fiy;iz;is;isg andjx 2 fj1;j2;j30, wherei? =  1landj2= 1. We
de ne

C(ix):=f = x0+ Xqik : Xo0;X1 2 Rg

and

D(jk) := fxo+ Xajk : Xo; X1 2 Rg.

@ C(ix) is a subset oM (3) for k 2 f 1, 2; 3;4g. They are all
isomorphic toC. Notice that C(i1) = M(1).

@ D(jk) is a subset oM (3) and is isomorphic to the set of hyperbolic
numbersD for k 2 f 1; 2; 3g.
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Preliminaries

Tricomplex Numbers

Subsets oM (3) (continuing)

De nition 4

Let i iy im 2 15i1;i2;03;14;]1;J2; 39 With iy 6 i), ik & im andij & im.
The third subset is

T(im;ik; 1) := fXqim + Xoik + X3l : X1;X2; X3 2 RQ. 3)
@ T(im;ik; i) = spangfim;ik; iiQ.

@ This sub-vector space d¥1(3) is used to make 3D slices in the
tricomplex multibrot sets.
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Multibrot Sets ComplexiNumbers

De nition of Multibrots in the complex plane

Let Qp;c(z) = zP + ¢ a polynomial of degrep 2 N nf0;1g. A Multibrot
set is the lset of complex numbecsfor which the sequence
Qplc(0) el is bounded,.e.
n L o
MP= c2C: Q(0) __ isbounded : (4)

o If we setp = 2, we nd the well-known Mandelbrot set.
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Multibrot Sets Complex Numbers

Properties of Multibrot sets

Theorem 6

For all complex number ¢ iM P, we havejcj 2P 1),

A complex number ¢ is iM P if and only ifjQf'.(0)j 2P D for all
natural number m 1.

e For an integerp 2, the setM P is contained a closed discus @
@ Theorem 7 gives a method to visualize the Multibrot sets.
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Complex Numbers
Tricomplex Numbers

Multibrot Sets

Multibrot sets Pictured

(@) M 2: Mandelbrot set (b) M 2: Zoom in
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Complex Numbers

Multibrot Sets

Multibrot sets Pictured

(@ M 3: Mandelbric set (b) M 3: Zoom in
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Complex Numbers

Multibrot Sets

Multibrot sets Pictured

(b) M ®: Zoom in
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Multibrot Sets Tricomplex Numbers

Tricomplex Multibrot Sets

Let Qpic( )= P+ cwhere; c2M(3)andp 2 an integer. The
tricomplex Multibrot of orderp is de ne as the set

n (0}
MS:= c2M@): QU0 ,_, isbounded . (5)

| A\

Theorem 9

A tricomplex number c is iM § if and only ifjQ'.(0)j 2= V) for all
natural number m 1.

-~
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Multibrot Sets Tricomplex Numbers

Tricomplex Multibrot Sets

From the idempotent representations, we can de ne th€-Cartesian
product as

X1 X=X 3+ X231 X1 2 Xq, X2 2 X20

whereX;; X,  BC. Moreover, we have the followinBC-Cartesian
product

X1 1X2 =fxg 1+ X2 g - X1 2 X1, X22X29

whereXy; Xo  C(i).

Theorem 10

ME=(MP _MP) (MP _ MP):
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Multibrot Sets Tricomplex Numbers

3D slices oM §

To visualize the tricomplex multibrot sets, we have to de reprincipal
3D slice of M §.
n L 0
TP = TP(im;ik;i) = €2 T(im;i; i) © Qpc(0) ., is bounded

There are 56 possible 3D principal slices.
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Complex Numbers

Multibrot Sets Tricomplex Numbers

Equivalence between 3D slicedvbf

De nition 11

Let T (im; ik; i) and T’ (in; iq; is) be two principal 3D slices of a
tricomplex Multibrot setM §. Then, T” T .° if we have a bijective
linear mapping : M(3) ! M(3) such that8c, 2 T(in;iq;is) there exists
acy 2 T(im;ik; i) with * (¢;) = ¢ and

(" Qpe " ()= Qo ) 8 2M(3):

In that case, we say thaT,” and T,” have thesame dynamics

Dominic Rochon and Pierre-Olivier Parisé On a Tricomplex Distance Estimation for Generalized Multibrot Sets



Complex Numbers

Multibrot Sets Tricomplex Numbers

Principal Slices o 2

The number of principal 3D slices of the skt 4 can be reduced to 8
slices.

Theorem 12

There are eight principal 3D slices of the tricomplex muttbset M 3:
@ T?(1;i1;i,) called Tetrabrot;

T2(i1;j1;]2) called Hourglassbrot;

T2(1;j1;]j2) called Perplexbrot;

T2(iy;ip;i3) called Metabrot.

T2(j1;j2;j3) called Firebrot;

T2(i1;i2;j1) called Mousebrot;

T?2(i1;i2;j2) called Turtlebrot;

T?2(1;i1;j1) called Arrow-Pitbrot.

e &6 €& ¢ ¢ ¢ ¢
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Complex Numbers

Multibrot Sets Tricomplex Numbers

Family Shooting: square® + ¢

(a) Tetrabrot (b) Hourglassbrot (c) Perplexbrot (d) Metabrot

(e) Firebrot (f) Mousebrot (9) Turtlebrot (h) Arrow-Pitbrot
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Multibrot Sets Tricomplex Numbers

Principal Slices of 3

The number of principal 3D slices of the skt 3 can be reduced to only
4 slices!

Theorem 13

There are four principal 3D slices of the tricomplex multbiset M $:
@ T3(1;iy;i,) called Tetrabric;
@ T3(1;j1;j2) called Perplexbric;
@ T3(1;i1;j1) called Hourglassbric;
@ T3(iy;ip;i3) called Metabric.
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Multibrot Sets Tricomplex Numbers

Family Shooting: cubic®+ ¢

(a) Tetrabric (b) Perplexbric (c) Hourglassbric (d) Metabric
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Distance Estimation

Ray Tracing =t

Main Result

To explore these sets deeply, we need to used the ray trackehrique.
We have the following theorem for the bounds of the distanmnf a
point ¢ 2 C(iy)nM P to the setM P,

Theorem 14

Let c2 C(i1)nM P and de ne d(c;M P) :=inf fjz cj:z2M Pg.
Then,

sinh(G(c))

2 sinh(G(c))
2e6(9jGY(c)j

< @M < a0

where G is the Green's function of the St P.
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Distance Estimation
Example

Ray Tracing

Main Result

We proposed to use this approximation formula, for 2, in the plane.
Conjecture 1

The distance dc; M P) from a point c62 MP to the setM P can be
approximated in the following way:

PiCmj Injcmj
———— < d(c;M p
2JCm]1:pmJC,%j (C )

where ¢ = QP':(0), and ¢, := & (Q['.(0)) _—
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Distance Estimation

Ray Tracing =t

Main Result

In the tricomplex space, the key result is the following. De, for
0 62X,

d( %X):=inf fj 9: 2Xg
which give the distance between the point and the setX TC.

Theorem 15
If X TC is a compact set, and

X=(X 13 X3 (X =  X==)

then
.

(0 Xy g2+ d(° X =)+ d( O iXoy )7+ d( S X—m)?

13’
4

d( %x)=
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Ray Tracing S

Houglassbrot Exploration

We are now able to use the approximation formula of the compiane
in each idempotent components of a tricomplex multibrot set

(@) T2(i1;j1;j2) [YouTube Hyperlink]
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Ray Tracing S
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Ray Tracing S

Table of imaginary units

1 i i2 i3 i J1 2 3
11 g i2 i3 4 J1 2 s
iy | i1 1 1 2 i3 i2 i3 g
i2 |2 1 1 s j2 i1 g i3
i3 |03 2 s 1 j1 g i i2
ig | ig s J2 1 1 i3 i i1
ji |1 i2 i1 g i3 1 i3 2
j2 [ J2 i3 g it 2 ja 1 j1
ja |z a4 iz 2 1 2 j1 1

Table: Product of tricomplex imaginary units
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