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Definition Multicomplex Numbers
Multicomplex numbers of order n are defined as

M(n) :={¢ + Qin | G, € M(n—1)} (1)

with i,? = —1.

o Note that multicomplex addition and multiplication are associative
and commutative.

o Multicomplex numbers of order n are a sub-algebra of the Clifford
algebra Clg(0,2n).
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o Bicomplex Numbers (n=2) :

M(2) :=T := {z1 + ziz | z1,22 € C}
o Tricomplex Numbers (n=3) :
M(3) := {w1 + waiz | wy, wn € M(2)}

o n=1 and n = 0 correspond respectively to C and R.
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otation

Decomposing (1, ¢ from (1), we obtain

M(n) := {C11 + Ci2in—1 + Co1in + Co2jn | C11, 12, (o1, (22 € M(n—2)} (2)

where

jn — inin—l — in—lin

and thus ju° = 1.

It follows that
o We can rewrite the set M(n) with 2" coefficients xx in R.

o We can rewrite the set Mi(n) with 2"~* coefficients in M(k),
0< k<n.
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xample : Tricomplex Numbers

Let us apply the last remark to the case of tricomplex numbers (n = 3) :

Definition

Tricomplex numbers are defined as (extended notation) :

M(3) := {¢ = x1+xi1 +x3i2+Xai3+ X514+ X6j1 +X7j2 +Xsj3 | xi € R} (3)

with ik = -1, k=1,2,3,4and j? =1, /1=1,2,3.
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xample : Tricomplex Numbers

|- [ 1] |2 [is [is [ 2 [J2 | Js |
L || 1|y |2 | i3 | g | j1|J2] s
iv || i | -1 | J1 | 2 |3 | -2 | -i3 | g
i2 |2 | 1 | -1 | 3 | -i2 | -in | g | -i3
i3 |3 [ 2 | 03 | -1 | -0 | ia | -in | -i2
ig || g | -J3 | do | -Jn| -1 | i3 | i | iy
Ju || Ju | -2 |-l | dg | i3 | 1 | -j3 | -i2
J2 || J2 | i3 | ia | -in |02 | -3 | 1 | -i
J3 || 3 | da | -iz | -2 | i | -2 |-ii | 1
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Let the following multicomplex numbers :

o 1+ ip_1in - 1—|—jn_ - - 1—i,_1in - l—jn_ (4)
’7"—1 : 2 2 1 ’Yn—l . 2 2 1

Then we can write the number { = (; + (i, as :

¢ = (¢ — Qin—1)Yn—1+ (C1 + Qin-1)7,_1 (5)

The idempotent elements have the following properties :

Y2y =Yn-1 ; Va1 ="Tn_1;
Yn-1+Vp1=1 ; Vn—1Vn-1 = Vn—1Yn—1 = 0. (6)

v
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le : Tricomplex Numbers

The tricomplex idempotent elements are :

14z 1+js _  1—ipiz  1—j3

V2 - > =~ V2 = > 2
Thus we can write

¢ = wy + woiz = (wy — waiz) 72 + (w1 + wai2)7,

o The interest of the idempotent representation is that we can add,
multiply and divide term-by-term.

o Without this representation the proofs in multicomplex dynamics
would be much more complicated.
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le : Tricomplex Numbers

As the bicomplex numbers wy = z; + zip and wy, = z3 + z;i can also be
decompose into the idempotent representation, we obtain :

C = Wyiq, " 7172 + WWl’)'z . 7172 + W’)’1W2 . 7172 + %172 . W172 0

where
Wyive (z1+24) — (22 — z3)in
W = (214 21) + (22 — z3)i1
wyy, = (a—z)-(2+z) ()
Wi, = (21— 2)+(2+2z)

v

o The elements v1y2, 7172, 717, and 7,7, are also idempotent two by
two because of the properties in (6) and thus we can add, multiply
and divide term-by-term.
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Definition Generalized Mandelbrot Set

Consider the multicomplex function P., ¢ € M(n) defined as
P.(¢) = ¢? + c. Then we define the generalized Mandelbrot set M, for
multicomplex numbers of order n :

M, :={ceM(n) | {P"(0)}_; is bounded }. (8)

| A\

Theorem
The generalized Mandelbrot set for multicomplex numbers of order n is
connected. )
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We say that X C M(n) is the M(n)-cartesian product set determined by
X1,X2 € M(I‘I — 1) if

X = X1 X’Yn—1 X2
= {G + Qin € M(n) | (1 + Qin = t1yn-1 + 12¥,—1,  (9)
(U]_, UQ) S X1 X Xg}

Theorem

My = Mp_1 %o, M1

The bicomplex Mandelbrot set in term of the classic Mandelbrot set :

Mz = M x., M
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Definition Generalized Filled-in Julia Sets

We define the multicomplex filled-in Julia set of order n corresponding to
the number ¢ € M(n) as :

Knec:={¢CeM(n) | {PS"(¢)}x_; is bounded }. (10)
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Definition Generalized Filled-in Julia Sets

We define the multicomplex filled-in Julia set of order n corresponding to
the number ¢ € M(n) as :

Kne:={¢eM(n) | {P2"({)}meq is bounded }. (10)

Theorem

’Cn,c — ICn,(Cl—Czin_l)’Y,,_1+(C1+C2in—1)7n71

= ]Cn—l,C1—C2i"_1 ><’Yn—l ’Cn—l,cl—i-Czin_l'

c € M, & Ky is connected.

V. Garant-Pelletier On a generalized Fatou-Julia theorem in multicomplex spaces
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Example : Tricomplex Numbers

The Tricomplex Filled Julia Set for the parameter c in term of the
Bicomplex and Complex Filled Julia Sets Corresponding

’C3»C — K:3,(C1 —iz) v+ (a+ci)¥,

’C27C1—Czi2 X, ’C2,61+C2i2'
(ICW’yl’yz ><‘Y1 ’Cwﬂz) X‘Yz (’CW»yle ><‘Y1 ’CWWI@) (11)
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Definition

Let K;,,c be a multicomplex filled Julia set of the quadratic form

P.(¢) = ¢? + c. We define the set A, (00) := M(n)\K,.c as the basin of
attraction to infinity of P.({). We have

An,c(00) = {¢ € M(n) [ {PE"(C)} — oo}
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Definition

Let K;,,c be a multicomplex filled Julia set of the quadratic form

P.(¢) = ¢? + c. We define the set A, (00) := M(n)\K,.c as the basin of
attraction to infinity of P.({). We have

An,c(00) = {¢ € M(n) [ {PE"(C)} — oo}

| A

Definition
Let SA; /(o0) be the strong basin of attraction to infinity of
P (w) = w? + ¢’ defined as

SAz,c(00) = Acl’—cgh(oo) Xm Acl’+c2’i1(oo)
Then we define for n > 2

SAn,C(OO) = SAn—l,C1—Czin—1(Oo) X Vo1 SA”_17C1+C2in—1(OO)

as the strong basin of attraction to infinity of P.(¢) = ¢+ c.
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Theorem Fatou-Julia

Let KCp,c be a multicomplex filled Julia set of the quadratic form
P.(¢) = ¢? + c where ¢ € M(n) and n > 2. Then

0 € Knc & Knc is connected;
0 € SAp.c(00) & K is a Cantor set in M(n);

0 € Apc(0)\SAs c(0) & Kp o is disconnected but not
totally.
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As

ICSc:

s

we note that :

(K:W'vﬂz s K:W%“/z) X2 (Kwﬂfﬁz Xap ICW%%)

K3,c is connected if and only if Ky, Ku. Ky, . and
Kw., -, are all connected,
K3,c is a Cantor set if and only if Ky, Kuw.  Kuw, .,

and K, _ are all Cantor sets,
Y172

K3, is disconnected but not totally in all other cases.
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le : Tricomplex Numbers

As
K3.c= (ICW’Yl’Yz Xy K:W?ﬂz) X2 (ICWMWQ Xy ICWW172)

s

we note that :

K3,c is connected if and only if Ky, Ku. Ky, . and
Kw., -, are all connected,
K3,c is a Cantor set if and only if Ky, Kuw.  Kuw, .,

and K, _ are all Cantor sets,
Y172

K3, is disconnected but not totally in all other cases.

o From the case 3, we notice that there are 3 subcases : exactly if 1, 2
or 3 of the filled Julia sets in M(1) are connected.

o The set K3 . will be “more connected” if there are 3 that are
connected than if there is only 1.
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en M3 and ’C3,C

o The c's that correspond to a connected filled Julia set are inside M3.

o The c¢'s that correspond to a Cantor filled Julia set are on the fractal
part of M3 (Graded pink part).

o The c's that correspond to the three kind of disconnected but not
totally filled Julia sets are in three different divergence layers of M3,
the “most connected” closer to the set itself (From most to less
connected : green, blue, black).

A Slice of M3 . T(il,jl,jz)
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o The Principal 3D Slices of the Tricomplex Mandelbrot Set
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As we wish to visualize M3, that is in fact in dimension 8, we
need to fix 5 of the 8 real coefficients of the tricomplex
numbers. Doing that we can see particular 3D slices of the
set. Fixing the 5 coefficients to 0 will give the principal 3D
slices of M.
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e Particular Tricomplex Subspaces

M(ik, i) = {x1 + xik + x3i1 + xaikiy | ik, it € {i, 02,1314, ]j1,j2,]3},
ik 7& i|7X17X27X37X4 € R} (12)

v

o The sets M(i, ij) are all closed under multiplication.

o We have M(ix, ij) = M(2) except for M(j1,j2), M(j1,j3) and
M(j2,j3), which are all the same and so we shall call it the biduplex
set and note it D(2).

y
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e Particular Tricomplex Subspaces

T(ilﬁilaim) = {Xlik +X2i| +X3im I ik)ilaim e {17i17i27i37i4aj1;j27i2}7
ik Z i 7 im; X1, X2, x3 € R} (13)

v

o The sets T(ik, ii, im) are not closed under multiplication.
o We have T(ik, i, im) C M(3) and for some
ik7 i|7 im S {17 i17 i2a i3a i47j17j2a i2}7 ik 7& il 7é imv we have
T(ik, i|, im) C M(ik, i|)
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Definition Principal 3D Slices of M

The principal 3D slice of M3 corresponding to i, ij, im is defined as

T (i, i1, im) = {c € T(it, in,im) | {P2"(0)}32, is bounded}  (14)

v

Example . ik = 1,i| = i1, im = i2

The Classical Tetrabrot, 7(1, i1, i2)
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Definition

Let 77 and 7, be 3D slices of M3 corresponding respectively to the
functions P, and P.,. We say that we have 73 ~ 75 if there exist a
function ¢ such that (p o P, 0 0™ 1)(¢) = P4, (¢).

V. Garant-Pelletier
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Definition
Let 77 and 7, be 3D slices of M3 corresponding respectively to the

functions P, and P.,. We say that we have 73 ~ 75 if there exist a
function ¢ such that (p o P, 0 0™ 1)(¢) = P4, (¢).

REMEINS

| A\

o The sets 7; and 75 are said to have the same dynamics.
o ~ is an equivalence relation.

o Two sets with the same dynamics will appear exactly the same in a
3D Visualization Software, that is why we will say that they are
symmetrical.

Example : The Classical Tetrabrot

For the classical Tetrabrot, we have the following symmetries :
T(1,i1,02) ~ T(1,ik, 01), YV ik, it € {i1,i2,i3,1a}, ik 7# iy
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Symmetries for the Slice no.2

T(l7i17j1) o~ T(Likail)av ik € {i17i27i37i4}7i| € {jlaj27j3}
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The Perplexbrot, 7 (1, j1,j2)

Symmetries for the Slice no.3

T(]"jlajZ) o T(lajlaj:’v) = T(laj27j3)
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The Perplexbrot, 7 (1, j1,j2)

o The Perplexbrot can be view as a generalization of the hyperbolic
Mandelbrot set.

o It is a regular octahedron of edge length equal to %ﬁ.
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7 (i1, 02, 1)

Symmetries for the Slice no.4

T(ilai23jl) o~ T(ikyihikil); ik7i| S {ilai27i37i4}7ik # i|-
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7 (i1, i2, i3)

Symmetries for the Slice no.5

T(ily i27 i3) o T(ila i23 i4) = T(ilv i3a i4) o~ T(i27 i37 i4)
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7 (i, iz, j2)

Symmetries for the Slice no.6

T (i1,i2,§2) ~ T (i, i, im); ik, i1 € {i1, 02,03, 08}, ik # il
im S {j17j27j3}\{iki|}'
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T(i17j17j2)

Symmetries for the Slice no.7

T (i1, j1.J2) ~ T (i, it,im); ik € {i1,i2,i3,ia}, 01, im € {j1,J2,J3}, 0 # im.
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7 (j1,j2,J3)
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7 (j1,J2, )

Thank you for your attention!

V. Garant-Pelletier
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