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Introduction

3D Mandelbrot Sets

3D Mandelbrot Sets

@ Quaternionic Mandelbrot set:
Norton, 1982

@ Bicomplex Mandelbrot set
(Tetrabrot): Rochon, 2000

@ Spherical coordinates
(Mandelbulb, Power 8): White
& Nylander, 2009

(a) 3D Mandelbrot sets
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Bicomplex Numbers
Preliminaries

Bicomplex Numbers

De nition 1 (M(2) or BC-space)

Let 3 = X1 + Xgi1, Zo = X3 + X4i; be two complex numbers (1) ' C
with i2 = 1. A bicomplex number is de ned as:

=7+ Zziz

whereis = 1.

Various representations:
@ In terms of four real numbers: = x; + Xpi; + Xziz + X4j1
@ In terms of two idempotent elements:

=(zr 2i1) 1+ (za+ 22i1)7

where ;= &t and— = Lt
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Bicomplex Numbers
Preliminaries

Operations on Bicomplex Numbers

Let 1= z1+ zip and » = 73+ zi».
1) Equality: 1= 2 ( Z1=zzandz = 74
2) Addition: 1+ 2:=(z1+ z3) +( 22+ Z4)iz
3) Multiplication: 1 2:=(z1z3 2oz4) + (223 + Z124)i>
. P Y
4) Euclidean Norm;j 1j = = jz1j2 + jzj2 = g X2
Remark:
e (M(2); +; ) forms a commutative ring with unity and zero divisors.
o (M(2); +; ;j j)forms aBanach space
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Preliminaries Tricomplex Numbers

Tricomplex Numbers

De nition 2 (M(3) or TC-space)

Let 1= 23+ 2, 2= Z3+ Z4ip be two bicomplex numbers. A
tricomplex number is de ned as:

= 1+ 23

wherei§ = 1.

Various representations:
@ In terms of four complex numbers: = z; + zi, + Z3iz + 243
@ In terms of eight real numbers:

= X+ Xol1 + Xzio + Xaiz + Xsia + Xgj1 + X7j2 + Xgj3

Go to Table
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Preliminaries Tricomplex Numbers

Tricomplex Numbers

Various representationcontinuing):
@ In terms of two idempotent elements:

=( 1 2i2) 3+ ( 1+ 202)73

where 1; 22 M(2), 3= 1+_213 and =, = 121'3.
@ In terms of four idempotent elements:

- 13 + 1_3 1_3 + _1 3 _l 3+ _1_3 1 3

where | ., - - 5 —— 2M(1)' Caredened as the
projections in the plane.

Dominic Rochon Characterization of the Multicomplex Mandelbrot Set



Bicomplex Numbers
Tricomplex Numbers
Multicomplex Numbers

Preliminaries

Subsets oM (3)

De nition 3

Letix 2 fig;ip;is;iag andji 2 fj1;j2;j30, whereip = 1 andjg= 1. We
de ne

C(ix) == fxo+ xqik : Xo;x1 2 Rg
and

D(jk) :== fXo+ Xajk : Xo; X1 2 RQ.

@ C(ix) is a subset oM (3) for k 2 f 1;2; 3; 49. They are all
isomorphic toC. Notice that C(i1) = M(2).

@ D(jk) is a subset oM (3) and is isomorphic to the set ofiyperbolic
numbers D for k 2 f 1, 2; 3g.
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Preliminaries Tricomplex Numbers

Subsets oM (3) (continuing)

De nition 4

Letiy;ij;im 2 1;01;02;03;14;]1;j2;j39 wWith iy 6 i}, ik 6 im andij 6 in.
The third subset is

T(im;ik; 1) := fXqim + Xoik + X3l © X1;X2; X3 2 RQ.
@ T(im;ik; 1) = spangfim;ik; iig.

@ This sub-vector space d¥l(3) is used to make 3D slices in the
tricomplex Mandelbrot set.
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Multicomplex Numbers

Multicomplex Numbers

More generally, themulticomplex numbers of ordern (also called
n-complex numbers) are obtained by using the previous dafibn
process recursively. They were rst described by the Italia
mathematician Corrado Segre in 1892. Indeed, for any intege 1, the
set of multicomplex numbers of orderis de ned as

M(n):=f 14+ 2ip: 1; 22M(n 1)g

with i2= 1 andM(0) := R. Moreover, multicomplex addition and
multiplication are de ned similarly to the analogous conegl operations,
meaning that

(1t 2in)*+( 1+ 2in)=( 1+ )+( 2+ 2)in;

(1+ 2in)( 2+ 2i)=(C 11 22+( 12+ 2 1)
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Multicomplex Dynamics Multicomplex Mar
Main Result

The Mandelbrot Set

Let Qc(z) = z?+ ¢ a quadratic complex polynomial. The so-called
Mandelbrot set is de ned as follows:

M2=fc2C:fQM(0)g.., isboundedy:

(@ M2  Mandelorot (b) M 2: Zoom in
set
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Tricomplex Mandelbrot Set
Multicomplex Dynamics

Tricomplex Mandelbrot Set: The Metatronbrot

LetQc( )= 2+ c where; ¢ 2 M(3). The tricomplex Mandelbrot
set (also calledMetatronbrot) is de ne as the set

M3:=fc2 M(3): fQM(0)gr,., is boundedg.

| A\

Theorem 7

A tricomplex number c is iM 3 if and only ifjQM(0)j 2 for all natural
number m 1.

-

NOTE: The name Metatronbrot refers to the so-calledMetatron's cube of the Flower of Life.
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Multicomplex Dynamics

Principal 3D slices d¥l 3

To visualize the 8D tricomplex Mandelbrot set, we have to de a
principal 3D slice of M 3.

T2:= T2(im;ik;i1) = fc 2 T(im;ik;it) : fQM(0)gn., is boundedy.

@ There are 56 possible principal 3D slices.

@ T2%(im;ik; i) = M 3\ T(im;ik; i)

@ The concept ofidempotent 3D slices can be also de ned using the
idempotent basis.
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Multicomplex Dynamics

Equivalence between principal 3D slice#of

De nition 8

Let T2(im; ik; ir) and T2(in; iq; is) be two principal 3D slices of the
tricomplex Mandelbrot seM 3. Then, T2 T 2 if we have a bijective
linear mapping : M1 ! My such that' (T1(im;ik;i)) = T2(in;ig; is)
and, for allc 2 Ty (im;ik;11)

Q@ " N)=Q ()8 2My

whereM; is the smallest sub-vector space MIf(3) containing all iterates
of QI'(0) with ¢; 2 T; fori = 1;2. In that case, we say thaT;? and T
have thesame dynamics
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Multicomplex Dynamics

Principal Slices of 3

The number of principal 3D slices of the Metatronbridt % can be
reduced toeight slices.

There are eightprincipal 3D slices of the tricomplex Mandelbrot set
M Z:

T?2(1;i1;ip) called Tetrabrot;

T?(i1;j1;j2) called Hourglassbrot;

T?(1;j1;j2) called Airbrot;

T2(i1;ip;i3) called Metabrot;

T2(j1;j2;j3) called Firebrot;

T?2(i1;i2;j1) called Mousebrot;

T?2(i1;i2;j2) called Turtlebrot;

T?2(1;i1;j1) called Arrowheadbrot.

(9

¢ €6 & ¢ ¢ ¢ ¢

Dominic Rochon Characterization of the Multicomplex Mandelbrot Set



The Mandelbrot Set
Tricomplex Mandelbrot Set

Multicomplex Dynamics Multicomplex Mandelbrot Set
Main Result

Family Shooting of the Metatronbrot:? + ¢

(a) Tetrabrot (b) Hourglassbrot (c) Airbrot (d) Metabrot

>

(e) Firebrot (f) Mousebrot (9) Turtlebrot (h) Arrowheadbrot
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Multicomplex Mandelbrot Set

We now consider the multicomplex case. L@§;c( )= P+ c and

denote
Q;Tc( )= (lQp;c Qp;?Z Qp;c?( ):
m times
Using the functionQy.c, we already de ned the standard Mandelbrot set
as

M2= c2M() : fQJ.(0)gk-, is bounded :

We can easily modify this last de nition to obtain the follomg more
general one.

De nition 10

Let n;p 2 N such thatp 2. The n-complexMultibrot set of orderp is
de ned as

Mbh= c2M(n) : fQy.(0)gn is bounded :
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Multicomplex Dynamics

Main Result

Characterization the 3D Slices

In the same way, we can generalized the previous conceptnintiplal 3D
slices into the multicomplexe spaces. In that case we obtggn possible
3D slices. The next result gives a characterization of thebees.

Let T be a principal 3D slice ol P. There always exists a tricomplex
principal 3D sliceT,” such thatT” T J up to an a ne transformation.

In other words, in that context, it is not necessary to expaprincipal 3D
slices beyond the tricomplex space. Hence, the tricomplgacs is, in a
way, optimal.
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Conclusion

In future works, it will therefore be possible to look into Mibrot

principal slices speci cally in the tricomplex case. In thpeci c case of
the MetatronbrotM 2, we know already that there are only eight
principal 3D slices: the Tetrabrot, the Arrowheadbrot, théourglassbrot,
the Airbrot, the Firebrot, the Mousebrot, the Metabrot anche

Turtlebrot. Hence, forp = 2, these are the only principal 3D slices of the
Mandelbrot set generalized to the multicomplex spaces.
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Conclusion

Thanks for your attention!

(a) Hybridization between
the Tetrabrot and a 3D
kleinian IFS
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Table of imaginary units

1 i i2 i3 4 J1 2 s
11 iy i2 i3 4 J1 2 3
i | i1 1 j1 e is i2 i3 s
i2 |02 1 1 s j2 it g i3
i3 |03 2 s 1 j1 g i1 i2
4 |la  j3  j2 |1 1 i3 i2 i1
ji |1 i ih g i3 1 i3 2
j2 | J2 i3 g iy 2 js 1 j1
ja |3 a i3 ip i 2 b 1

Table: Product of tricomplex imaginary units
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